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Abstract
We derive explicit expressions for the parameter derivatives [∂2Pν(z)/∂ν
2]ν=0 and
[∂3Pν(z)/∂ν
3]ν=0, where Pν(z) is the Legendre function of the first kind. It is found that
∂2Pν(z)
∂ν2
∣
∣
∣
∣
ν=0
= −2Li2
1− z
2
,
where Li2 z is the dilogarithm (this formula has been recently arrived at by Schramkowski
using Mathematica), and that
∂3Pν(z)
∂ν3
∣
∣
∣
∣
ν=0
= 12Li3
z + 1
2
− 6 ln
z + 1
2
Li2
z + 1
2
− pi2 ln
z + 1
2
− 12ζ(3),
where Li3 z is the polylogarithm of order 3 and ζ(s) is the Riemann zeta function.
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1 Introduction
Some time ago, we carried our research on the first-order derivative of the Legendre function of
the first kind, Pν(z), with respect to its degree ν [1,2]. Recently, Schramkowski [3] has drawn our
attention to the fact that in the course of modeling of tidal hydrodynamics one has to approximate
the function Pν(z) by a few first terms of its Maclaurin series in ν:
Pν(z) =
∞∑
k=0
νk
k!
∂kPν(z)
∂νk
∣∣∣∣
ν=0
, (1.1)
and that at least the terms with k 6 3 have to be retained if results of the modeling are to be
physically correct. Using Mathematica, Schramkowski has found that
∂2Pν(z)
∂ν2
∣∣∣∣
ν=0
= −2 Li2
1− z
2
, (1.2)
where Li2 z is the dilogarithm function [4]. In this note, we provide a proof of the formula
in Eq. (1.2). In addition, we derive a closed-form expression for the third-order derivative
[∂3Pν(z)/∂ν
3]ν=0.
1
2 The derivative [∂2Pν(z)/∂ν
2]ν=0
The Legendre function of the first kind, Pν(z), obeys the differential identity
[
d
dz
(1 − z2)
d
dz
+ ν(ν + 1)
]
Pν(z) = 0. (2.1)
Differentiating Eq. (2.1) twice with respect to ν and rearranging terms gives
[
d
dz
(1− z2)
d
dz
+ ν(ν + 1)
]
∂2Pν(z)
∂ν2
= −2Pν(z)− 2(2ν + 1)
∂Pν(z)
∂ν
. (2.2)
One may consider Eq. (2.2) as an inhomogeneous second-order linear differential equation, a par-
ticular solution to which is ∂2Pν(z)/∂ν
2.
In the particular case of ν = 0, Eq. (2.2) simplifies to
d
dz
(1− z2)
d
dz
∂2Pν(z)
∂ν2
∣∣∣∣
ν=0
= −2P0(z)− 2
∂Pν(z)
∂ν
∣∣∣∣
ν=0
. (2.3)
Since it is known that
P0(z) = 1 (2.4)
and [1]
∂Pν(z)
∂ν
∣∣∣∣
ν=0
= ln
z + 1
2
, (2.5)
Eq. (2.3) may be rewritten as
d
dz
(1− z2)
d
dz
∂2Pν(z)
∂ν2
∣∣∣∣
ν=0
= −2− 2 ln
z + 1
2
. (2.6)
Integrating both sides of Eq. (2.6) with respect to z yields
(1− z2)
d
dz
∂2Pν(z)
∂ν2
∣∣∣∣
ν=0
= −2z − 2(z + 1)
(
ln
z + 1
2
− 1
)
+ C1, (2.7)
where C1 is an integration constant, or equivalently as
(1− z2)
d
dz
∂2Pν(z)
∂ν2
∣∣∣∣
ν=0
= −2(z + 1) ln
z + 1
2
+ C′
1
, (2.8)
where C′
1
= C1+2. Dividing both sides of Eq. (2.8) by 1−z
2 and integrating the resulting equation
with respect to z furnishes the following expression for [∂2Pν(z)/∂ν
2]ν=0:
∂2Pν(z)
∂ν2
∣∣∣∣
ν=0
= −
∫
dz
ln
z + 1
2
1− z
2
+
C′
1
2
ln
z + 1
z − 1
. (2.9)
However, it holds that
∫
dz
ln
z + 1
2
1− z
2
= −2
∫
d
(
1− z
2
) ln
(
1−
1− z
2
)
1− z
2
= 2Li2
1− z
2
+ C2, (2.10)
where
Li2 z = −
∫ z
0
dt
ln(1− t)
t
(2.11)
2
is the dilogarithm function [4] and C2 is an integration constant. Hence, we have
∂2Pν(z)
∂ν2
∣∣∣∣
ν=0
= −2 Li2
1− z
2
+
C′
1
2
ln
z + 1
z − 1
− C2. (2.12)
To fix values of the constants C′
1
and C2, we use the identity
Pν(1) = 1, (2.13)
from which it follows that
∂2Pν(1)
∂ν2
∣∣∣∣
ν=0
= 0. (2.14)
The logarithmic function multiplying C′
1
on the right-hand side of Eq. (2.12) is singular at z = 1
and consequently the necessary condition for Eq. (2.14) holds is
C′
1
= 0. (2.15)
Furthermore, we see that in view of the property
Li2 0 = 0, (2.16)
it must hold that
C2 = 0. (2.17)
This leads us to the final result
∂2Pν(z)
∂ν2
∣∣∣∣
ν=0
= −2 Li2
1− z
2
. (2.18)
In this way, we have confirmed the finding of Schramkowski.
3 The derivative [∂3Pν(z)/∂ν
3]ν=0
The reasoning analogous to that presented in Sec. 2 may be carried out to evaluate the third-order
derivative [∂3Pν(z)/∂ν
3]ν=0. Differentiating Eq. (2.1) triply with respect to ν yields
[
d
dz
(1− z2)
d
dz
+ ν(ν + 1)
]
∂3Pν(z)
∂ν3
= −6
∂Pν(z)
∂ν
− 3(2ν + 1)
∂2Pν(z)
∂ν2
, (3.1)
which for ν = 0 simplifies to
d
dz
(1− z2)
d
dz
∂3Pν(z)
∂ν3
∣∣∣∣
ν=0
= −6
∂Pν(z)
∂ν
∣∣∣∣
ν=0
− 3
∂2Pν(z)
∂ν2
∣∣∣∣
ν=0
. (3.2)
Use of Eqs. (2.5) and (2.18) transforms Eq. (3.2) into the more explicit form
d
dz
(1 − z2)
d
dz
∂3Pν(z)
∂ν3
∣∣∣∣
ν=0
= −6 ln
z + 1
2
+ 6Li2
1− z
2
. (3.3)
Integrating both sides of Eq. (3.3) with respect to z and using
∫
dz Li2 z = z Li2 z + (z − 1) ln(1− z)− z + C1 (3.4)
(this results may be easily arrived at through integration by parts) gives
(1− z2)
d
dz
∂3Pν(z)
∂ν3
∣∣∣∣
ν=0
= 6(z − 1) Li2
1− z
2
+ C′
1
, (3.5)
3
hence, it follows that
∂3Pν(z)
∂ν3
∣∣∣∣
ν=0
= −6
∫
dz
Li2
1− z
2
z + 1
+
C′
1
2
ln
z + 1
z − 1
. (3.6)
Now, it is known [5, Eq. (1.2.3.1)] that
∫
dz
Li2 z
1− z
= 2Li3(1− z)− ln(1− z) Li2 z − 2 ln(1 − z) Li2(1 − z)− ln z ln
2(1− z) + C2, (3.7)
where Li3 z is the polylogarithm [4] of order 3. Employing the Euler’s identity [5, p. 652]
Li2 z + Li2(1− z) =
pi2
6
− ln z ln(1 − z), (3.8)
Eq. (3.7) may be simplified to
∫
dz
Li2 z
1− z
= 2Li3(1− z)− ln(1 − z) Li2(1− z)−
pi2
6
ln(1− z) + C2. (3.9)
Evaluating the integral on the right-hand side of Eq. (3.6) with the aid of the formula in Eq. (3.9)
leads to
∂3Pν(z)
∂ν3
∣∣∣∣
ν=0
= 12Li3
z + 1
2
− 6 ln
z + 1
2
Li2
z + 1
2
− pi2 ln
z + 1
2
+
C′
1
2
ln
z + 1
z − 1
+ C′
2
. (3.10)
Since it holds that
Li3 1 =
∞∑
k=1
1
k3
= ζ(3), (3.11)
where ζ(s) is the Riemann zeta function, to ensure that the condition
∂3Pν(1)
∂ν3
∣∣∣∣
ν=0
= 0 (3.12)
(resulting from Eq. (2.13)) is satisfied, we must put
C′
1
= 0 (3.13)
and
C′
2
= −12ζ(3). (3.14)
Hence, the final expression for [∂3Pν(z)/∂ν
3]ν=0 is
∂3Pν(z)
∂ν3
∣∣∣∣
ν=0
= 12Li3
z + 1
2
− 6 ln
z + 1
2
Li2
z + 1
2
− pi2 ln
z + 1
2
− 12ζ(3). (3.15)
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